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ABSTRACT

A theoretical study of finite amplitude waves in an approximately
spherical liquid drop subject to surface tension forces is presented.
Equations inferred from hydrodynamic theory provide the starting point
for the analysis. It is shown that the equations of motion for the liquid
drop can be expressed in canonical form based on a certain postulated
Hamiltonian. It is also shown that energy is a constant of the motion in
this exact theory, but not in low order perturbation theory of an almost
spherical drop. Exact expressions are expanded to obtain zeroth, first, and
second order equations in perturbation theory. The zeroth order theory
gives the Young-Laplace formula for a spherical drop.~ The first order
equations are solved and the solutions are in agreement with Rayleigh’s
results for capillary waves with small amplitude. The second order
equations take into account finite amplitudes and they contain the
leading order nonlinear interactions among capillary waves. The
complete, exact solutions of those equations for the velocity potential and
surface displacement developed here are new and are a principal focus of
this study. It is shown with the aid of these solutions that evolution of
waves in time under resonance conditions can be produced to good
approximation under near-resonance conditions provided that the
interval of observation is suitably restricted. Further, it is shown that
under near-resonance conditions there will be two or more frequencies of
oscillation in any spatial state. These properties of the new formulas
suggest a physical mechanism responsible for intermittency in a turbulent

fluid. In the case of capillary ripple turbulence that mechanism involves a



certain kind of three-wave mixing. Experimental and theoretical
implications of this work are discussed. On the theoretical side, the
variational method used in establishing the canonical form of the
equations of motion is explained in detail and compared and contrasted
with a variational method used by others. Further, the importance of
near-resonance terms in making a transition from a discrete to a
continuous wave spectrum is discussed. Also, problems due to possible
L=1 tesseral harmonic contributions to the second order perturbation
formulas are identified. A planned NASA space flight experiment to study
capillary ripple turbulence in an isolated liquid drop provided the
principal motivation and direction for this research, and the new
theoretical results will be available to aid in the analysis of observations
made there. Results obtained here also provide new‘ perspective for
certain problems in ocean dynamics and plasma turbulence that involve
high amplitude waves and nonlinear interactions. Finally, this research
suggests experiments that could be performed to detect non-linear

interactions among collective excitations in an atomic nucleus.



L. INTRODUCTION

Finite amplitude capillary waves in an almost spherical liquid drop
are studied theoretically in this paper. Such waves provide an opportunity
to investigate nonlinear interactions and their consequences in a
relatively simple theory that can be subjected to controlled experimental

tests under nearly ideal conditions. A highlight of current interest in this
area is a planned NASA space flight experiment 1-3 to investigate capillary

ripple turbulence in isolated drops.
Viewed in the general context of high amplitude waves and

nonlinear interactions, this analysis bears on theories of such diverse
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. . 4-9 .
phenomena as ocean dynamics, plasma turbulence, '~ confinement of

plasmas in controlled fusion,9 and low energy nuclear physics.lo A
number of specific implications and features of the new results will be
discussed. For example, recent observations3 of intermittency in ripple

wave turbulence have demonstrated that some degree of coherence still
exists in turbulent systems. Other research has focused attention on the
phenomenon of intermittency in fluid turbulence in a more general

context, and the need for new approaches to understand it has been
recognized.ll A physical mechanism responsible for intermittent ordered

structures in turbulence is suggested by the analysis presented here.
The theory is formulated in spherical coordinates and variables that

are appropriate for the geometry of almost spherical drops. The starting



point is a set of exact expressions for equations of motion of a perturbed
liquid, boundary conditions, and initial conditions that was deduced
initially from the hydrodynamic theory of an incompressible, inviscid
liquid without vorticity, but with a moving surface subjected to forces
associated with surface tension. An exact Hamiltonian is subsequently
postulated and it is demonstrated with the aid of a variational method
that the exact equations of motion can be expressed as Hamilton's
canonical equations. It is then shown that in this exact theory, energy is a
constant of the motion.

Perturbation equations and formulas are then derived thru

expansions of exact expressions. The zeroth and first order versions of
perturbation theory include known rf:sults12 contained in the Young-

Laplace formula for the pressure difference across the surface of a
spherical drop, and in Rayleigh's linear theory of capillary waves in an
almost spherical drop, respectively. Substitution of solutions of the linear
equations of motion into the second order Hamiltonian reveals that in this
level of approximation in spherical geometry, energy is not a constant of
the motion. This result may be expected to lead to special problems in
power spectrum characterization of ripple turbulence on a spherical
surface, such as in the planned NASA space flight experiment. Similar
problems do not occur in treating waves on almost flat surfaces.

The second order equations of motion contain the leading order
nonlinear interactions among capillary waves. A principal focus of this
paper is development of an exact solution of these second order
equations. Both the phases and amplitudes of oscillating variables appear

in the solution. Ensemble averages of the primary variables and related



correlation functions could readily be calculated, if desired, in
straightforward extensions of this work.

The dispersion curve}for capillary waves bends upward in the linear
theory in spherical geometry, just as in flat geometry. The upWard
bending implies that decay and coalescence processes can contribute to
the second order equations of motion. This is an important simplifying
feature in the analysis of time dependence in surface waves of the
capillary type, as contrasted with gravitational waves in flat geometry. In
the case of gravitational waves, decay does not occur in second order, but
important time dependence associated with wave scattering, decay and
coalescence occurs in third order perturbation theory. Third order
perturbation theory is significantly more complex than second order
theory. |

The frequency spectrum for waves in the linear theory is discrete,
and this discreteness is reflected in solutions of the second order
equations of motion. A noteworthy feature of the exact solution of the
second order equations is that the linear time growth of dynamic
variables that occurs in the rare case of exact resonance can be produced
to good approximation using Taylor's series expansions of near-resonance
exact formulas, provided that the time interval of applicability is suitably
restricted. The near-resonance condition occurs much more commonly
than exact resonance, and the exact formulas, without expansion, contain
important information for longer time intervals. Another important result
of second order theory is that oscillations with multiple frequencies occur
in any given spatial state.

Problems with making a proper transition from a discrete to a

continuous wave spectrum in treating resonance and near-resonance
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conditions in nonlinear theories have been discussed by others. 13,14

Some difficult issues were encountered in treating near-resonance terms
as well as other off-reéonance terms as Cauchy principal values in
integrals involving frequency differences. In some instances the principal
value terms were neglected because they involve simple oscillatory
behavior and were regarded as unimportant in understanding random
distributions of weakly interacting waves. The results for time dependence
in the present theory where the wave spectrum is definitely discrete bears
on these issues and may aid in clarifying them.

Mathematical details and physical implications of the exact theory
of capillary waves in a liquid drop are treated first in the following
sections of this paper. Then the second order theory that includes the
leading nonlinear interactions is developed in detail.

The discussion in the final section of this paper includes comments
on the canonical formalism for a hydrodynamic system with a moving

boundary. Methods used in this paper are compared and contrasted with
earlier work of others.'> The possibility of L=1 spherical harmonic

contributions in the theory and problems associated with this are
discussed. The physical mechanism responsible for intermittency
suggested by the new results is explained. The relevance of the new
theory to turbulence, like that in a stormy sea, on the surface of an atomic

nucleus, and possibilities for observing footprints of this phenomenon in
y-ray spectra are discussed. Finally, experimental re:sults16 for large

amplitude oscillations in levitated electrically charged liquid drops are



cited in support of the predictions for behavior of a perturbed atomic

nucleus.

II. DESCRIPTION OF MODEL AND FORMULATION OF AN EXACT
THEORY

In the model for capillary waves in an isolated liquid drop
considered here, it is assumed that no net external force acts on the drop
and that the center of mass is stationary in an inertial reference frame.

The surface of the perturbed drop is at r=r(8,p;t), where 6 and ¢ are
spherical coordinates referred to an origin at the center of mass, and t is

time. If n(0,¢;t) is the radial displacement of the perturbed liquid surface

from the unperturbed surface having radius ry, then

r(6,¢;t) = +n(6,09;1) . (1)

In this analysis the liquid is regarded as incompressible and inviscid. Its
density is p. It is assumed that only potential flow occurs, and at any point

inside the drop or on its boundary the velocity V is given by
¥(r,0,0;t) = VO(r,0,¢;1) . : (2)

The following notation is used in what follows:

@) _ (3a)

ot



9D(r,6,9:¢)

ot =4. (3b)

Hydrodynamic theory then provides a system of equations that

determines & and m, as indicated below.

Continuity equation:

V2p=0 for 0<r<n+mn(6,9;r). (4)

Kinematic boundary condition at the center of the drop:

2 _
or

0 at r=0. ' (5)
Kinematic boundary condition at the free surface:
N=(F-Vn)-V0=0 at r=r+n(6,¢:1), (6)

where 7 is a unit vector in the radial direction.

Initial values of the free surface coordinate:
(8, ¢;r =0)=1(6,9). - (D

Initial values of the free surface velocity:



[#- V(r,0,0:0 = 0)] =[#-V(r.0.0)] ' (8)

r=r,+1(6,9:=0) r=r+n,(0,¢) ’

where 7 is the unit normal to the free surface.

Cauchy’s integral for fluid motion:

<b+-;—v2+-§-=0 for 0<r<m+n(8,9;). (9a)

A formula for the pressure p at any point just inside the free surface is
derived in Appendix A. When that formula and Eq. (2) are inserted in Eq.

(9a), one obtains the following result.

Dynamical boundary condition at the free surface:

b Loy P @ L) f1, ) L |9 sinan)| 1 |9(13n
{d”z(v‘p) +p+pr2{{y+7) sine[ae[ Y ae)] sinze[a(p(yacpﬂ} (9b)

Equations (1)-(9b) provide a complete set of relations for an exact

mathematical description of the model system.

Certain important properties of the exact solutions of these
equations and results that are useful for perturbation theory can be
exhibited by identifying the Hamiltonian and expressing Eqgs. (6) and (9b)
in Hamilton’s canonical form. These basic expressions are treated next, in

Sec.III.
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III. THE HAMILTONIAN AND HAMILTON’S EQUATIONS

A. The Hamiltonian

A postulated Hamiltonian for the drop will be written as the sum of

three terms, as follows:

H=H,+H,+H, . (10)
Kinetic energy, H:
1 or 3 (Tl ,
H, =—p[d’(Vo) (11a)
2
14
1 2B . ro"'n(e’(_?;t)z 5 .
=—2-pJ. | [(V@)? r?sin6drdedo (11b)
0 O 0
where V is the volume of the drop.
Potential energy H, associated with surface tension o
Hy =o[df (12a)
S
2nn - 2" .
=a | j{[n(vn)] rz} sin0dedo, (12b)
00 r=r,+71(8,¢:t)

where S is the free surface and df is a differential element of S.

I



Potential energy H, associated with volume of the drop when p, is the

pressure of the surrounding vapor:

2 p+n(6.9i)

Ho=py | r?sin0drdode . (12¢)
0

O = A

0

Equation (12b) is derived from differential geometry in Appendix A,

where a quantity y is defined as follows:

1/2

ys{n[%(e,(p;t)]z} . | (13)

For the surface coordinates m(6,p;t) on the actual path, the integral that
occurs in H, is just the constant volume of the incompressible fluid.
However for variations of m away from the actual path, the volume and in
turn H,. may vary also, and H, is needed to arrivevat the Cauchy integral

of an equation of motion in its usual form, Eq. (9b).

B. Hamilton’s canonical equations
The canonical form of the equations of motion can be developed by
regarding P(r,8,9;¢) and mM(0,Q;t) as fields that can be varied
independently. However, these variations are subject to the conditions
that on the actual path, @ satisfies the Laplace equation, Eq. (4),
throughout the interior of the drop and on its surface, and that Eq. (5) is

satisfied on the actual path.

12



Then for the actual path, the relation
v. [(%)cb] = V2D + (%)2 (14)

and Gauss’s theorem can be applied to express the kinetic energy in terms

of quantities evaluated at the free surface, as follows:

H(,:%pjdf-qﬁ@. (15)
S

Next we will calculate the change in H, when @ is varied from the actual

path while 1]' is held fixed on the actual path. To do this let ® — O +0P

in Eq. (1la), and obtain the following result thru first order terms in O®:

SHY = H,(® +8d) - H, (D) (16a)
=p[a*r(Vo)- (Vo). (16b)

Use

v. [(%)5@] =(V2@)s0 + (Vo) (Voo) (17)

and Gauss’s theorem to express Eq.(16b) as

8H;°=pjdf~(6¢)5q>, | (18)

5
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or

{ [ - Vn(e,9%1)] (6'¢)(5¢)(r')2} sin®’do’ dg’ | (19)

2r
SHy =p |
0 r'=r,+n(0,¢";t)

O ey A

where the result for df derived in Appendix A has been used. A basic
variational derivative on the surface where 7=ry+1(0,9;f) and

r'=rn+mn(0’,¢";t) takes the form

3D(r',0%,¢%t) 1

= 0(6—-90")5(p—09’), 20
59(r,0,9;t)  r%sind ( J3(o-¢) (20)

and this can be used to calculate the variational derivative 5Ha/ P from

Eq.(19). After integrating - over O functions and dividing by p, one finds

the following result:

1 8H, - -
S SDr 0.0 =1 |7 = Vn(6,9;¢)|- VO(r,0,¢;¢ : (21a)
p 6¢(r, 9’ (P;t) r=r;,+r|(9,(p;t) { [ ( )] ( )}r=)a+n(e,(p;t)
Note that

o™ b (21b)
3 &

because Hjp and H, do not involve ®.

Let the canonical momentum 70 be defined by

14



n(r ’ev‘P;’)lr=ro+n(9.<p;t) =p(r.0,0:1) (22)

r=r+1(8.9:¢)’

The notation in Eq. (22) is used to indicate that functions T and P are
defined throughout the drop and on its surface and for all times.
However, only when T is evaluated on the free surface is it the canonical

momentum. Also, let the canonical coordinate variable be M(0,Q;?). Then

one of Hamilton’s canonical equations for a continuum takes the form

h—ZH (23)
T

Combining Eqs. (21a)-(23), one arrives at the following résult

7(6,9:1) = { |7~ ¥n(6.9:1)]- V(0. (p;t)}r=r6+n(e,(p;t) , (24)
which is equivalent to the kinematic boundary condition in Eq.(6).

Consider next the first order wvariation SHn of the Hamiltonian

when @ is held constant on the actual path and T is varied from the

actual path by an amount 8T according to the prescription n—-n+om.

First treat SH‘?. Variation of Eq. (11b) involves taking the derivative of

the integral with respect to its upper limit. One obtains

(o]

R

SHY =—p [ [(V'cp) (r)? ] sin®’ 9’ dy’. (25)
5 |

r'=ry+n(0",9")

l\)lu—-

O*—.?—i
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A basic variational derivative on the surface where r=1p +n(6,¢;t) and

r'=r+m(0°,@’;t) takes the form

n(0’,9"1) 1
= 3(0-0")d(e0 - 9’).
n(0,¢;t)  r*sind ( J(o-9) (26)

Equation (26) can be used to calculate the variational derivative OHj/0m

from Eq. (25). After integrating over O functions, one finds

OHa 1 (54\2
= p(V(D) . 27)
n(e.¢;r) 2 r=ry+n(0,9:t)

The variational derivatives OH,/On and OH./dN are evaluated in

Appendix A, in Egs. (Al12) and (AlS), respectively. The second of

Hamilton’s equations for a continuum is

g=-0H | (28)

Combining Egs. (10), (27), (A12), (Al1l5), and (28), one finds

16



. 1 /= \2
pd(r, e,(p;:)ir% o) = {Ep(V(D)

+a(l(l+Y) : [ (SmeaﬂJJ l [ (l&n):l] (29)
rly r?sin@| 8\ y 99)| r*sin0|dp\y o

+ Po} .
r=ry+1(6.93t)

Simple algebraic rearrangement of Eq. (29) yields Eq. (9b), the dynamical

boundary condition at the free surface.

C. Time derivative of the total energy
The Hamiltonian in Eq. (10) represents the total energy of the

system, and the time derivative of the total energy can be readily

evaluated.

First calculate dH,/dt, as follows:

| [ om 0 +1(8,9:1)
=§-p { (j) O 2(V<1>) (V )r?sin@drdode
(30a)
n mo 2
+ [ [|(ve) r*ae.0:0) sin08d0do
0 0"~ r=ry+n(6,9;¢)
_ dH +dHaz [ (30b)
dt dt

Next apply steps similar to those used in arriving at Eq.(19), but replace

0D there by &d. This yields the following result for d H, ;/dt::

17



dHl 2n n n+n(Bex) N
a p(J; £ £ (Vo) (Veb)r? sin@drdo do (31a)
2r & - - . '

=p { ! {([r —Vn(8,9:1)]- Vo(r, e,w;r))cp(r,e,<p;:)r2}’=rom(w) sin0d0 do (31b)
2n w®

=p { { {n(6,g:r)b (re(p,t)r" }r_ro_'_n(e’(p_’t)smedﬂd(p, (31c)

where Eq. (24) was used in the last step above.

Next we will evaluate dH,,/dt. With the aid of Eq. (27), this term

can be expressed as

dHaz 2T
-

(6, 9;)r } sin8d0dg . (31d)
r=ry+1(6,9;¢)

{fm(e 1)

O ey A

Now refer to Eq. (12b) and evaluate de/di. If one follows steps

parallel to those used in deriving Eq. (A10) in Appendix A but replaces on
there by T} and then uses Eq. (Al2), one obtains

2R

T OoH, . N2 .
[{ =z 2=n(B.0:0)r sin0dody . (32)
o (n(6.9:1) rery+(0.01)

Next refer to H, in Eq. (12¢) and evaluate d H /dt.. One finds

18



daH, TT
c — . N2 .
at Po (J; £ {ﬂ(e,(P,t)r }r=r0+n(e’(p;‘) sin8dBdo . (33)

The result in Eq. (A15) can be used to write Eq. (33) as

dHc 2n
ERG

O A

——<—1\(6,¢;1)r } sin8d0do . v (34)

Combining the results in Egs. (22), (28), and (31d)-(33), one finds

H,+H
{8[ at b+HC]f](9,q);t)r2} sin8d8do . (35a)

d Zj"
—[Hg +Hy + H, = .
0 511(9, (p,t) r=r,+1(0,9:)

dt

O ey A

{~p®(r.0.0:0)0(6,931)r?} sin8d0dg . (35b)

2r
- -(’; ) r=ry+1(0,9;1)

O b= 3

Finally, Eqs. (31c) and (35b) can be combined to obtain

d 2n . .. .
ar { { [pnd) B pq)n]rz}r=ro+n(9,<p;t) sin8dbde=0, (30)

O

Equation (36) shows that the total energy of the system is a constant of
the motion in this exact theory. The importance of this result will become

more evident later when a contrary result is reached in low .order

perturbation theory.
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IV. PERTURBATION THEORY EXPANSIONS

Formulas for perturbation approximations can be conveniently

generated in two stages. First, terms in the exact equations are expanded
in terms of T} about the radius ry of the quiescent free surface. In the next

stage, @ and T are expanded in powers of a small perturbation

parameter.

A. Expansions about the radius r,
Refer to Eq. (6) and expand components of the second term as

follows:

- o0 oP 9’ (@) -
o _(o@ _(2®) _[o® BN AL 37
(r )r=fo+n(9’¢?‘) ( or )r=ro+n(9,¢;t) ( or )ro ( ar2 Jr " 2!( ar3 ]r n o7

0 0
[(vn) . (§(p)]r=ro +n(6,9;2)

= [(@n) : (V(D)LO + [58;((?11) : (VCD))L) n+ %[aa%((fzn) . (vq,))] e

(38)

An approximate expression for Eq. (6) sufficient for present purposes can

then be found by substituting Egs. (36) and (37) into Eq. (6) and

retaining only terms that are accurate thru 0(7\,2). Here A is a parameter
that indicates the degree of nonlinearity and it represents a factor of P

or T}. This yields the following result.

. . - 2
Kinematic boundary condition at free surface accurate thru O(\%):

20



(@) [d*® =\ (3
”_[(?)rf(?_], n}[(vn).(m)] o, (39)
Turn next to expansion of Eq. (9b) about ry. Note that py/p is a

constant that does not depend on time or space coordinates. Expanding

® about rg , one finds:

. 2
d)(",e,(P;t)=d)(r0,9,¢;t)+(—-a—q>) T]+-l- iz—(l) 112+... (40)
or % 21 or "

and ( ) may be similarly expanded
r =ry+1(8,0;t). T/ r=n +n(6,031)

tso, (VO |

about 7. Refer to Eqs. (A6a) and (A6d) and note that

(o], ) (]

/= 2 1/= \4
[Y(r’e’(p;t)]r=ro+'ﬂ = l:l +5(VT]) —g(VT]) +“.]r=r0+f] (423)
1 lig 2 35 4
_ PRGN +] | (42b)
I:'y(r,e,(p;t):]r=,.o+n l: 2( n) 8( n) r=ry+n

Using Eq. (42a) and (42b), one obtains

21



[-w] =2+0(n*). (42c)
r=ry+n

Substituting Eqgs. (40)-(42c) into Eq. (9b), one finds the following

result.

Dynamical boundary condition at the free surface, accurate thru 0(7\.2):

- 9 . IIERY po.o/2 2n 1({ 1 9 ( an)
L —& —|{V® Do D — =
{[ ]’o +l:(ar )]ron+2[( ) ], * p +p,:rb 12 rbz(sine 0 s"'eae

0

2 2 2
+ _12 o 12] +2113 +g% —,l—i(sineﬂJ+ _12 _a__n_
sin“ 0 d¢ > 1y’ | sinBdo 38/ sin“ 0 d¢@

B. Expansions in a perturbation parameter
The second stage in generating perturbation formulas involves

expanding @ and 7} in the form

O(F;t)= (D(t)+,D(F; 1)+, D(F;t) + -+ (44a)

n(8,9;2)= M(6,@;2)+,M(0,9;¢) +---, | (44b)

where a perturbation parameter has been drawn into the perturbation
functions. The subscript indicates the order of magnitude of a function.

The linear equations (4) and (5) then yield

Vznd):O for 0<r<np+m, (452)

V2, =0 for O<Sr<pm+m . (452)

22



By substituting Eqs. (44a) and (44b) into Eq. (9), one obtains the

following kinematic boundary conditions for the perturbation functions,

evaluated at ry:

1ﬁ—(?-él-?) =0 (46a)
o
. (9,® %@ =\ (=
a<(%3), (38 el el -0

Substituting Eqs. (44a) and (44b) into Eq. (43), one obtains the following

dynamic boundary conditions for the perturbation functions, evaluated at

Irp:
(o) +22+2%_¢ (47a)
P PR
- o 1 a(. am) 1 9%n
&) -—|2m+—==|sinb + =0 47b
(1 )ro proz[ n sin@ ae(sm 90 ) sin%0 9¢p? ( )

_ 3 . 1= 2 o 1 3(. .9 n) 1 3%,m
+| —1®P +=|{V,® -5 | 2N+ —= 62" |+
. (arl )roln 2[( 1 ) ]’o 9702[ 2M sin@ ae(sm 00 sinZ @ a(p2

) (47¢)
21m 1 a(. %n) 1 9“m
_an — % lsin6 =0
r (l“*‘ sin® 96 S 00 * sin2 0 a(p2

The zeroth order equation, Eq. (47a), yields the Young-Laplace
formula' 2 for the case of an undisturbed spherical drop in its usual form

if one writes

23




(00),, == 21t (482)

where p; is the constant pressure just inside the free surface. Then Eq.

(47a) can be expressed as

2 (48b)

h—p2=
(1

C. Energy perturbation thru second order terms
The goal here is to develop a formula for epnergy that takes into
account the leading order terms that depend on the solutions of the
linearized equations of motion, ;@ and ;T, and neglects all nonlinear
effects involving 2(1) and ,7 and higher order terms. Energy terms
involving I(D and T only thru second order will be retained.

Perturbative formulas for energy will be derived here by expansion of

terms H, and Hp.. The external pressure pg is unimportant for this

analysis. Therefore it will be assumed that pg=0, so that H_. can be

neglected. An overbar will be used to indicate terms in this

approximation. Then

H=H,+H,. (49)

24



A formula for ii—a can be derived using Eqs. (15) and (A5b), with df

expanded about ry. Then with the aid of Egs. (1), (44a), and (44b), one

finds

2n
H-a= pj
0

[lcpaal—ﬂ n2sin0d0de . (50)
)

N |-

Now consider the formula for H,,, given by Eq. (A7b). Expanding the
integrand about rj yields

2 :
2n 1 2 . (om 2 1 on N, 2.
{1+—ro—-+-2r7[2n +(’a_e') +s—n:179—(-azj J-FO(T] ) Ip°sin0dedeo . (51)

Next integrate the terms in square brackets in Eq. (51) by parts. Then use
Eq. (44b) and also neglect terms 0(1’]3). This yields the following formula
for Hb:

2r
Hb =a_[
0

2
242 L P -i('eam) L 97 ||lsinededo . (52
{ro M m+2r02[ in [86 - a6 +sin26 0¢? S M (52)

O e A

Equations (49), (50), and (52) will be used later in this paper to
examine whether the energy is a constant of the motion at this level of

perturbation theory.
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V. SOLUTIONS OF PERTURBATION EQUATIONS

In this section solutions will be constructed for the first and second
order systems of perturbation equations derived in Sec.IV. According to
Eqs. (45a) and (45b), in every order of perturbation theory the velocity
potential is required to satisfy Laplace’s equation, Eq. (4), expressed in
spherical cobrdinates and also satisfy a boundary condition at r=0 given
by Eq. (5).

The velocity pbtential is time-dependent in general, and it can be
expressed as a superposition of eigenfunctions of Laplace’s equation with

time dependent coefficients, as follows:

@(r,8,0;t)=Dp (1) + Epf,m(t)Rg(r)Cf’m(e,(p) : (53a)

¢m,s

Laplace’s equation and the boundary condition at r=0, Eq. (5), require

that
¢
Re(r)=(ri) : (53b)
0

The coefficient pz,m(t) that appears in Eq. (3) can be written as a sum of

perturbation terms, as follows:

P m(t) = 105 (O 2P] (1) 4+ (54)
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Furthermore, the surface displacement can be expressed as

n(8.0:1)= Y 25 ,()C3,,(0.0). (55a)

&m,s
R} . .
where Z,,,(¢) can be written as a sum of perturbation terms, as follows:

25 (1) = 125 (D) +22] (1) +---. (55b)

A. Tesseral harmonics C;,,(6,0)
The functions sz(e,(p)) that appear in Eqs. (53a) and (55a) are

tesseral harmonics,17 which provide a complete set for expanding
functions of © and . The tesseral harmonics are real valued functions
that are essentially the cos(m@) and sin(m¢) versions of the more
familiar scalar spherical harmonics, Y;,,(0,¢). Properties of the
C‘Z’m(e,(p) that are important for this analysis will be summarized shortly.

The ranges of summations in Egs. (53) and (55) are as follows:
2<{<o 0<m<l? s=1and -1. (56)

The ¢=1 terms imply a shift of the center of mass of the drop from the
original origin. This is demonstrated in Appendix B for an almost
spherical drop. Therefore £=1 must be excluded from the summation to

enforce assumptions of the model stated earlier.

27



The functions C;,m(e,(p) for s=1 and s=-1 are given by the following

formulas:
Chm(6,0) = —Jl_i[x@,m(e, 9)+ Yom(6,0)] (57a)
Com(®0)= = lm(8.0) - Tin(0.0)]. (57b)
where

Y,m(8,0) = Ne'™ P, ,(6) (58a)
N=(—1)”’[(2f;;1) g;”:”m . | (58b)

The function £, (0) is an associated Legendre polynomial.

It can be shown that
Yom(8.0)=(-1)"Y,_,.(6.0). (58¢)

Note that Egs. (57b) and (59) imply

Cim(8.9)=0 for m=0. (58d)

Also, the functions Fj,, (0) satisfy

Pon(®= 1" 2R (0) (59a)
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Equations (57a)-(59a) imply that the tesseral harmonics can be expressed

as

Cl(8,0) = VIN Py py(B)cosme . (59b)

C7.2(8,9) = V2N Py 1, (8)sinmep . (59¢)
Spherical harmonics possess the following property:

2 © .

[ [Y%n(0.0)Y, ,.(6.0)sin0d8dp =35, ,5,, , - (60)

0 0

With the aid of Eq. (60) one can show that the orthogonality and

normalization relation for the tesseral harmonics is

C m(8.0) C§' 1, (6.9)sin8dOdP = N(£,m,5)8 48, Sy s (61)

Zjn
0

O A

where

For m#0 : N({,m,s)=1 (62a)
For m=0; s=1: N(f{,m,s)=2 (62b)
For m=0; s=-1: N({m,s)=0. (620)

The formulas for C},m(e,(p) and Cz,ln(e,(p) that appear in Egs. (57a)

and (57b) can be expressed as follows by using Eq. (58c¢):
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Com(8,0)=3 a3 ¥, ;.. (8,0) . (63)
A

Here the summation index A takes on the values 1 and -1. The

coefficients afn are given by the following matrix equation:

1oL |
a ap ') _| 72 2 (64)
a-ll g-l-1 1 m 1|
m m — )"'—=

2 2

Using the property that the functions Cg’m(e,(p) are real valued and also

using Eqgs. (60) and (63a), one can derive the following alternative form of

Eq. (61):

N

T .
[ [ Cim(B.0)CE (8.0)sin0d0d0 =5, , D (a,‘,;’*) a5 Sy (hme) - (65)
0

AN

O e A

All of these properties of tesseral harmonics will find useful

application in what follows.

B. First order perturbation theory

The linearized equations based on Eqs. (45a) and (45b) with n=I
together with Eqgs. (46a) and (47b) yield Rayleigh’s results! 2 for capillary

waves in a liquid drop. This will be evident from what follows. The first
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step in solving these equations is to operate on Eq. (47b) with d/0t. This

yields

. o [,. 1 3. 87’1) 1 %M
) - = l2q+—2|sined =0,
(l )’o prbzl: In+sin9 ae(sm 20 +sin26 092 0 (66)

Substitution of Eq. (46a) into (66) gives, at r=rp:

s o 9 1 9. alq:) 1 04

D - —| 2P +———|sinB + =0. 67
! pry? ar[ 7 sing ae(s'" 90 ) sin?0 dg? (67
Now substitute the expression

1(r8,0:0) = 175 ,(DRA7)CS,(6,9) (68)

¢,m,s .

into Eq. (67). Then use Eqs. (57a) thru (58c) and also use the following

equation satisfied by spherical harmonics:

_ : =+ 1), - 69
sin® ae(sme a9 +sin29 g2 He+ Dl (63)

One finds that at r=rg ,

Z {]ﬁse,m([)Re(lb)'*';(:—(')z"[e(e'f”1)—'2]R2(70)1p2m(t)} C;,m(O,cp)=O, (703.)

tm,s
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where

dRy(r)

o (70b)

Re(r)=

The tesseral harmonics are linearly independent; so Eq. (70a) implies that

R'
me,m(t)+—5‘j—(‘)7[e(e+1)—2}R—j%1pzm(:)=o. (71a)

This equation for harmonic oscillation can be written as

155 () + ©0F 195 ,(8)=0, (71b)
where
2_ O Ri(n)
0} =% [ge+1)-2 : (71¢)
=l e

With the aid of Eq. (53b) one finds

RZ(’0)=%- (72)

Now the result in Eq. (71c) can be expressed as

w§=—0%.€[€(€+1)—2]. . (73a)
Pro
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which gives the frequency found by Rayleigh for capillary waves in an
almost spherical liquid drop.

The general solution of Eq. (71c¢) is
127 m(8)= l’pzm(O)COS(Cl)gt-i-azm) . (74)
Next refer to Eqs. (55a) and (56) and write

MO.0:1)=) 125 (115, (6.0). (75)

¢&m,s

Now substitute Eqs. (68) and (74) into Eq. (46a) and obtain

Y (1m0~ 125 @ Re()] Cm(8.9)=0. (76a)

¢,m,s

Linear independence of the tesseral harmonics implies that the

individual coefficients in Eq. (76) vanish; therefore

125 (D) = 125 p(®) Ri(n)=0. (76b)

t
Now operate on Eq. (76b) with J.dt and take Eq. (74) into account. One
0

finds
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R(r,)

4

12 m(®) = =22 D] (O)sin{ gt + 03 ) (77a)

if one takes lzg,m(O) to be given by

Ri(n)
W,

1z2,,,(0)= lp;,m(o)sinazm . (77b)

In summary, the solutions of the first order equations of motion are

given by
19(r.6,9;1) =2 1Pf,m(0)005(0)zf + a?,m)Re(ro)Ci,m(e: ?) (78a)
1, : ‘
1m(6,9;¢) = Z B'Z‘Re(’o)l Pim (O)Sm(mzt + a?,m)cf,m (6.9). (78b)

where ), satisfies Eq. (71c).

C. Energy perturbation formula thru second order terms
revisited
It is instructive to evaluate H in Eq. (49) using Egs. (50), (52),
(78a), and (78b). One finds

H,= Z z 127 m(0) lp;,'m,(O)Cos(a)gt+ aj,m)cos(a)e't + a;,ym,)

tms ¢.m’s’

2n « (78¢c¢)
x 1§ Ry(r0)Rp(ny) [ [ €5 ,n(8.0)C5 .(8.9)sin6dBdp
0 0
L ,
=5p2 N(&,m, )18 Ry(1)Re(10) 1951 (0) 1§, (0)cos? (gt + 15, ) (78d)

tm,s
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where Eq. (61) has been used to perform the integration over angles, and
Kronecker deltas have been summed over.

Now consider evaluation of H-b . Note that the term in Eq. (52) that
is linear in ;T vanishes when integrated over all angles. Substitution of

Eq. (78a) into (52) and use of Eq. (69) yields

By = 4nfo+ — z 2{[2+e’e’+1

tLms U.m's’

1
C!)e(l)el

X

Ri(10) Rz (10) 175 (0) lpj,”m,(O)sin(cogt+a'},m)sin((oe't+ocj:,m,) (78e)

2n m
x| | Cj’m(e,(p)Cj:,m,(B,CP)Sinede(p}.
0 0

Next use Eq. (61) and then sum over Kronecker deltas. The result is

H, = 4nroa+ 2 N(&,m,s)([6(+1)— 2] +4)
0 Lm,s
(781)

1 ‘ ’ , 1
X —a-)-;i-R[(lb)Re(fb) 1P2m (O) lpzm (0)511’12 ((Ogt‘i' a’im )} :

Substitute the expression for (D% in Eq. (7lc) into Eq. (78f), and obtain

— 1 , .
Hb = 41!?)(32&4'5[) E N([,M,S)Re(ro)Rg(ro) lp;,m(o) lpj'm(0)51n2(0)gt+a2m)

Lm,s

o (78¢g)

! 4 , i
P ey =z Ve IR(0)Ri(0) 1700 P m(O)sin*(@et + ot} )
tm.s
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Next combine Eqs. (78d), (78g), and (49) and then use the relation sin2 X

+ cos2 X =1. One finds

— 1 ’
H= {4117020( +p E N(&:m,5)Ry(10)Re(10) 1P} 1 (0) 17} (0)
Lms ( 78h )

1 4 , 2 S
+Ept;' mN(E,m,S)Rl(ro)Rg(lb) IPZ?,m(O) lpzm(O)sm (m£t+a£'m)} .

The quantity in square brackets in Eq. (78h) is a constant of the motion.
However, the last term in Eq. (78h) shows that at this level of

approximation the energy has a time dependence.

D. Second order perturbation theory
The second order theory based on Egs. (46b) and (47c) includes the
leading nonlinear interactions among capillary waves when the waves are
defined by the first order theory.
The first step in solving these equations is to operate on Eq. (47c)

with d/0¢. This yields
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1, o(39) mo(3r8) et

o, . 1 3 821'1) 1 9% .
- 2N+ ——— ) +
Py’ [ 21 sin® 90 (sm sin? § 9> "

(79)

_.2. n n+ ——l—i(sme 9 )+ 1 az
rol l n6 0o 86 sin Oa(pzln

——2—1'] T']+-—l—i(smea n)+ L9 . =0
rol I sin® 00 89 sinzea(pzln B

Eq. (79) can be converted to the following form with the aid of Eqgs. (46a)

and (46b). At r=r,

5 9 1 9 ) 1 32 |
i e e G T @ ,0,0;t) . 80
? pry? ar[ 2% sin® 06 (sm 30 2 J+ sinZ0 8(p2 2 J P(r),0,9;1) (80)

The linear operator that acts on ,® on the left hand side of this equation
is the same operator that acts on ;D in Eq. (67). The right hand side of
Eq. (80) does not involve ,®. However, it contains terms that are second

order in ;@ and |7, as indicated next, where all terms are evaluated at

r=rg:
P(r,8,¢:1) = z P;(r.8,9:1) (81a)
1557
o 1 a(. .0 1 3% | o2 ’
B =—x|2+——|sinf— ® 81b
: proz{ " Sine ae(sm 86)+sin298(p2J[(8r21 ]m:, ( )
0
P ="My~ P (81¢)
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T
P3="m‘a—'|¢ (81d)
r
2a I (. .9 I 32
Pp=———| 24 —— 2
! pr&{[ +sin986(5m689J+sm 26 3¢’ }'"}m (81e)
2a 1 o Jd 1 92
P =~
> Py’ m[sme ae(sneae) sin2@ op? Jlﬂ A (81f)
= o 1 o P 1 aZ _
= o [2+sm9 ae(s‘neae)+sln 29 997 }{(VI") (¥12)]. (81h)

E. Evaluation of terms in P involving only scalar functions

The functions £ thru Ps depend only on scalar quantities and they
can be readily evaluated using Eqs. (63) and (69) together the
completeness property of scalar spherical harmonics. The completeness

property allows one to write

Ye, m, (0.0)Y,, 41, (6,0) = ) bry my (L Mys Ly, M2 )Yy, ag, (8,6) (82)
L3 . M3

The coefficients bl,j,M3 can be evaluated using the relation

2R K
[ ¥, 10,(8.0) 2, 11, (6.0) Ye, pg, (6.0)sinBdBde
0 @

1/2 '
=[(2[:n221)1(32?1;1)] C(Ly, Ly, L3 M. M7 ) C(Ly, Ly, 13;0,0) . | (83)

X 8M3,(M,+M2) '
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Here an abbreviated notation for Clebsch-Gordan (C-G) coefficients
C(Ly.Ly,L3;M|.M,) adopted by Rose'S has been used. A third M index is
not expressed explicitly in this notation, but it is understood that
M;3=M;+M, in any C-G coefficient that does not vanish. The factor
8M3,(M1+M2) is therefore redundant, but it is retained here for clarity.

With the aid of Egs. (60), (82), and (83), one finds

by, (L1 My Ly, My)

1/2
=[(2L;;;)(Lji’ll; 1)} C(Li, Ly, Ly My, Mp ) C(Li, Ly, 1330,0) (84)

X 6M3’(M1+M2) '

To evaluate Pl first refer to Eqs. (63), (68), and (75) and write

\©(r.8.¢:1)= D 1Phm(t) Re(r) s ¥ (3,0)(6.0) (85)
(e, ;1) = 2 125 () a? Y, (2m)(8:9) - (86)
&m,s.A

*

Recall that ;T is real valued, so that TM=;7 . Furthermore,
*

ng(t)=(zzm(t)) since Cg,m(e,(p) is real valued. The operand in Eq.

(81b) can then be treated as follows:
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a2 a2
(i) (i) ' e
I'O ro
=2 > [lz?.m“)ar‘ri‘ YZ(M)M] (172 m (ORE(0)a5s™ Yo i) 6.0) (87b)

ems At m’s’ A

=3 (@) S RE) 165,00 16 )N
tLms A U'.m' s A ( 87 Y )

X Yy ) (00 ) 09)

where Eq. (58c) has been used in the last step.
Next substitute Eq. (87c) into (81b). and rewrite the result with the

aid of Egs.(82) and (69). The following formula for B then emerges:

* ’ 4
A= 2 z 2 (afri}‘) asi¥ | Dy, g, (Gmshitm’,s' Niny)

LMy emsh  Om' s\ ( 88 )

X 128 m(0) 15 02 01,09).
where

1Dy my (Gmos, Xs €’ 5"\ s mp)

(89)
= ;:_2("1)(M)[2 = L(Ly + )R )by, ar, (€. (Am)s 2 (M'm'))

The function P, in Eq. (8lc) will be treated next.. First use Egs.

(71b) and (85) and obtain

(-a% 1¢) =eZ(l—l)m? 1 PL.m(D)RE() Yy (3 (6.6) (90)
L dms,
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Then use a procedure similar to that for A, and find

* ’ ’
B=Y T3 () o mlemarse i

LM tmsA U.m' s’ N

X 12§ () 150 e ()71 1, (B:9)

where

Dty (5 N ) = (1M R ) By g, (6, (o, ().

Turn next to evaluation of P3 in Eq. (81d). Note that

. d
1ﬂ=—(—1¢) -
e

Then use Eq. (85) and obtain

(—1‘1’) = i mOR (a5 Yy 3, (6,9)

tmsh

Take the time derivative of Eq. (93b) and obtain
Jd : , A
(71‘1’)% =; 1Pe.m (DR (10 )am Y (3,m)(6.0)

Then with the aid of Eqs. (74) and (77a), one finds
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(92)

(93a)

(93b)

- (94)




Ty
-:_~

7 (t)=~—m-%— Z; (1) (95)
1Pem Rg(ro)”"" .

Combine Egs. (93a) thru (95) with (81d) and then apply the same

procedure as before. The result is

l * ’ k'
P = z 2 2 (a‘f,; ) afn} 3Dpy My (Z,m,s,l;[',m',s’,l’;ro)

LMy tLmsh £m' s’ N (96 )

X125 (8) 195 ()Y, 00, (0.0).
where
3Dy, p, (s, sl Vi) = (=) Ry () Bby, gy, (6, (Am)s 2, (M) (97)

Next evaluate the function F; in Eq. (8le). Use Egs. (86), (93a),

(93b), and (69). Then apply the same procedure as before. One finds

B=3 X X (afrik)*“fr:’nDLl,Ml(f’m’s’x?"”""s")";’(’)

LMy tmsA Um's' A ( 98 )

X lzz,m(t) lpz",m’(t)YLl,Ml (91(P) ’

where

4Dy, (6,5 Ml m',s" M)

= (—1)[l+(7\m)] p%%[z — 02+ 1)]Ry(r0)br, (e.(Am); 0", (A'm")). (99)

0
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The function PS in Eq. (81f) can be evaluated as follows. First use

Egs. (93a), (93b), and (69) to simplify the factor involving lf]. Then use
Eq. (86) to rewrite the factor |T]. Substitute these results into Eq. (81f)

and apply Eq. (82) to the subsequent equation. One finds

Ps = 2 Z 2 (a;‘,;x)*afr:;}“gDLhMl(Z,m,s,?&;f',m’,s’,k’;ro)

LMy tmsA Cm’S') (100)

X lz;,m(t) lpj",m’(t)YLl,Ml (e, (P) ’
where

’ [, W 2 (9’ ’ y ’ s’
sDp, m, (5, 030", m, 5", A ;r0)=p%(—1)(m)[z (¢ +1)]Ry (ro)br, pr, (&(Am)se’,(M'm’)) . (101)
' 0

This completes evaluation of terms involving only scalar functions.

F. Evaluation of terms involving vector functions

Turn next to evaluation of Fy and P, which involve dot products of

two vectors. The gradient formula,19 which occurs in treatments of

angular momentum in quantum mechanics, is the key to evaluation of

these terms. The gradient formula is as follows:
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V[w(r)YL 1(0.0)]

1/2 1/2
f+1 d_¢ 5 4 d (+1 _
={- —_— Ym _ m

{ (2€+l) (dr r) ") e,g+1(9,¢)+(2€+1) (dr r ) (r)¥ee-1(8.9).

(102)

Here W(r) may be any differentiable function of r, Y, m(0,9) is a scalar

spherical harmonic, and YZ"}H(G,({)) and Yﬁz_l(e,(p) are vector spherical

19,2

. ,20 . . .
harmonics. Some properties of vector spherical harmonics that are

important for this analysis are given in Appendix C, and the following

result is established there:

(F20.0)) Ty 0.0)= aru(4.6.M:7,2, M)y, 11,(8,9). (103)
L.M
A formula for ar, .M, is also derived in Appendix C.

With the aid of Eq. (85) and the time derivative of .that equation,

one can write F; in Eq. (81g) as follows:

) . : * , %
Fs = 2 2 (“1)[1Pz,m(f)afnx] 1 pi',m,(t)afn ;
¢Lms A U.m' s’ A ( 1 04)

o {[{7( Re(")Yz,(bn)(ev(p))]* .[W(Re'(r)Y I,(x'm')(e,(p)ﬂ}

()

Next apply Eq. (102) to rewrite the gradient terms in Eq. (104), and also
use Eq. (95) to express lpzm(t) in terms of 1225,m(f)- Then apply Eq. (103)

to the result. One finds
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P = Z 2 2 (a,s,;l)‘a;::}"(sDLl'Ml (6,m, s, A0 ,m’ 5" Aoy

l',m'.s'.l'

L .M

{.m,s.A

X 120,m() 1P (D1 01, (8:9)

where

6D, M, (Lm, s, 58 m' 5", V)

/

\
p

\

, ; e+
Ry(r) - ;(‘)'Re(ro ))(m) [Re'(ro)

, £+1
Ry(rp)+——Ry
)

, £+1
Ry(rp)+—R,
)

(Ré(’o)"%RE(’O))(;;,111)1/2[1?2'(’0)

) [

Z’
(’Oﬂ(m

" ketw
" Retw

——R,
ro g(ro)

+——Ry/
) ¢

¢ +1

I4

+1
+——Ry(n)
o

(105)

(106)

jalanx (Z,Z +1,(Am); 0", 0 + 1,(k'm’))
(ro)]a LM, (£, 6+ 1,(Am); 00" = 1,(\'m"))
Z ’ ’ ? r
_gRez(ro)]alq,Ml (£, =1,(Am); 2", £" +1,(A'm’))

]a LM, (6,6 -1,(Am);2", 2" - 1,(7»'m'))} :

The term P7 in Eq. (81h) can also be evaluated with the aid of the

gradient formula. The quantity [(VIH)O(VI(D)] can be rewritten with the

aid of Eqs. (85), (86), (102), and (103). Applying Eq. (69) to that result,

one can complete the evaluation of P,. The result is
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b= Z z Z (af"k) A 7DL|'M1(e""”'}“e"'"'-s"}~7’0)

LMy tmsh  0m' s’ X ( 1 07)

X 12 m () 1Py (Y1, 1, (8.0)
where

7D, .M, (¢ m,s, M0, m’, 5", A", )

=-p—°‘f[2—z.l(1,l +1)]

”2 A AN PP VP
2L’+1 20 +1 l(ro)—_RZ’( )aLl,Ml(f,fH,( pe. 2 +1,(M'm’))

(108)

1120 oY ¢ W2 Vol
) ( )(25' 1) (Rf'("’)* _RZ’(rO)] ap g, (62+1L(Am) 2,0 - 1,(M'm))

2+ +
1/2 ’, 1/2 ’
l +1 , f YR TR 2’
[ )( £,+1J [Re,(ro)—ngi(ro)JaLle (Z,[—l,(M),f ,Z +1,(7»m ))
£ +1

( ) £+1
20+1 2

AR RN S i (N L
+(2Z+1) ( 0 J[2—] (RZ'("OH Rf'(rO)]aLler(Z’g_l’(}‘m);e’f +1L,(Vm))t .

o

G. Derivation of differential equation satisfied by , pi’M(t)

The differential equation satisfied by the coefficients ) Pi,M(t) will

be considered next. Equations (53a)-(56) imply that o, ® and 2N may be

represented as

{m,s .
MO.8:1) =Y 225 (113 (8.0). (110)
tm.s
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Substitution of Eq. (109) into (80) and use of Egs. (69) and (7lc) yields

Y S
D L2l 0+ 02, 287 4, 0 |Rey (1) CF' gy, (0.0)= Pl 6.30) (111)
L1.M.5;

Now multiply Eq. (111) by CE,M(G,(p) and integrate over the unit sphere.

Use Eq. (61) to evaluate the result of this operation on the left hand side
of Eq. (111). Use Egs. (60) and (63) and the fact that the tesseral
harmonics are real valued to evaluate the result of this operation on the

right hand side of Eq. (111). Then one obtains

. s
2 [2.I7Li,Ml(t)+00%1 2PL1,M1(I)]RL1 () N(Ly,M1,8)8L, 1,841,055,
Li.My.5) .

=Y XY () () e (112)

LALLM, &msh .m's" A

X jDLl’Ml (Z,m,s,)&;f’,m',s',}";ro) lz;,m(t) lp;',m’(t)SL,Lla(AM),Mx .

where the range for jis 1S j<7.
Refer to Eqgs. (59c) and (62a)-(62c) and note that the only cases in

which N(¢,m,s) vanishes are those where CZ,ln(G,(p) itself vanishes.

Therefore those terms give no contribution to ,® and ,7. In what

follows we will specify that these terms are not included in the
summations. Then N(¢,m,s)# 0 in the terms that actually occur in Eq.
(112). Now perform the sum over Kronecker deltas in Eq. (112). Then use
Eqs. (74) and (77a) in the right hand side of that equation. Simple
algebraic rearrangement of the subsequent equation yields the following

result:
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257 p(8)+ ©F 207 44 (1)

=2 Z Z ELmsalbms At ,m’ s Vi)

A tmsAh U.m'.s’ A

X 1P m(0) lp;:, o (0) sin(co ety m)cos(w ot + aj:, m,) ,

where

Ep pmsa(bmshl,m',s Vi)
*

- R’(r) \ * S, s A
- [N(L, m ; ) I(;L oy ](a,f,/\) (am’*) am,x

X 2 iPL(AM) (6.m,s, M8, m’,s", M iny) .

15js7

Equation (113) is the relation that we wished to derive.

H. Time dependence of second order coefficients

(113)

(114)

Solving Eq. (113) for the time dependent amplitudes , pf’M(t) is the

task that will be addressed next. Toward that end, we shall first express

the time dependent sines and cosines in Eq. (113) in terms of complex

exponentials. The result is
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Zﬁi,M(’) + (’3% 2Pi,M(‘)

=Z Z z ELmsa(bms it m' s \in) 1p5 ,(0) 1p3 ,.(0)

A ¢ms A U.m’s' A
l ; s s
X—2-—i-{exp(z[(co Pt )+ (a om O em)D

- CXP(—i[(cog +@p )t + (a-},m + af—':’”")D (115)

+ exp(i[(a) g—Wp)t+ (a;,m ~ aj:,m,)D

- exp(—i[(co - Op)t+ (a'}’ me a"}:, ”")D} .

The complete solution of Eq. (115) can be constructed as a linear

combination of solutions of a differential equation of the following form:
W+ oly =97, | (116)

The solution of Eq.(116) ié7:

eim’t 1 eiwt e—imt 5 ’
it ) .
y(t) = t;.m, +Z£—?(e‘“" - ) for ®% = (co')2 i (117b)

The steps involved in obtaining the solution are shown in Appendix D.
In order to express the solution of Eq. (113) efficiently, it is useful to

first introduce functions ,S,, .8, ;S, .S, It is specified that ®;,®,,

and.ﬁ)e, are all different from zero. This takes into account that L, ¢, and

¢’ are different from one. Then
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For ©F #(W, +®, )

1Sp(lm,s; 0, m’,s%;t)

sin[(m ¢+ @p)t+ (a;,m +0, m)]
- 2 ) (118)
0f - (0, +0,)
; s s’ : s s’
1 Sln[a)Lt + (ae’m + ael'mr)] Sln[ﬂ)Lt - (ae,m + al,,m,)]
T 20, o7 — (0 +oy) B oy + (0, +0y)
For (D% = (0, +CD£,)2:
28 (6,m, ;8 ,m’,s;t)
t , '
={— wcos[(wg+coe/)t+(a;,m+0cf,,’m,)] (119)
+ L (Sin[(DLt+ (a‘ ol ,)]+sin[co Lt—(OLS +al, )D .
40)L(me+me,) £m .m 4Lm .m
There are two cases for ,S_ , as follows.
Case 1. For Cl)% # (0, —(Ogr)zand (W, -, ) #0:
38(¢,m,s;0',m’,s’;t)
B sin[(a)e - )t +(a§’m —aji’m,)} (1208)

0’% - (")e "(De')z

: s s’ . s s’
l Sln[mLt+(ae'm "‘ael’m')] Sln[mLt—(ae‘m —ae;'m,)]

20, o - (0, -0y) o +(0,-0p)
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Case 2. For (D%;ﬁ(a)g—we;)zand (0, —®,)=0:

3S.(6,m,s; 8", m’,s";t)

1 . , 1 , , (120b)
- {m—%sm(azm -0y m,) - ‘OECOS Wt sm(az m~ %y m)} .
There are two cases for ,S_, as follows.
Case 1. For 0F = (@, - o, )> and (0, —Wy)#0 :
4S(&m,s;¢',m’,s';t)
t ,
= {_ ———————2(0)2 — ﬂ)e') COS[(O)g - O.)e')t+ (aj’m - a;,,m,)] (121a)
1 . , . , 3
+ toL(0;~op) (sm[m Lt (a;,m - oc;,,m,)] +sm[co - (ocf,, m = )D} :
Case 2. For ®F = (00, —®, )’and (@, —0p)= 0:
4Sp(&m, 50", m’,s';1)
t ’
= {— —-———-2(0)1 - 0)[’) COS[((O( - coe,)t+ (oz';’m - ai",m’)] (121b)
1 : : ’ , ,
+ 2o (0 —p) (sm[co L+ (aj'm — oy m)] +sm[(o - (azm - a;’")D} .

The solutions of Eqgs. (113) and (115) constructed with the aid of
results in Egs. (116), (117a), and (117b) can now be expressed as
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ZPE.M(I)=Z 2 Z Er msallemshit,m',s', M)

A tmsh  U.m'.s" N ( 12 2)

X 1Pym(0) lP;',m'(O) T (6m,s;0',m’,s";t),

Each term in the sum in Eq. (122) consists of three kinds of factors.
E; pr s depends on spatial variables. The quantities |}, (0) | Py, (0)

depend on which first order waves are excited and on their amplitudes. T,

depends on time and it can be evaluated with the following formulas.

For (D% # (W, +0)£r)2and 0)% # (0, —(D[z)zz

Ty (6,m,s;¢',m’,s";t)

, ’ ’ ’ ’ ’ (123a)
= 1S (6,m,s;0',m’,s";t) + 3S.(6,m,5;8",m’,5";t) .
For 2 = (0, +®,)%and ®F # (0, —0,)* :
Ty (6,m,s;¢',m’,s;t) (123b)
=581 (6,m,s;8",m’,s";t) + 38(&,m,s5;0',m’,s";1) .
For (D%?&((DE +(1)£,)2 and OJ%=((OZ—COZ/)2 .
Ty (6,m,s;¢',m’,s";t) (123¢)

= 1S.(6,m,s;¢",m’,s";t) + 4S(Lm,s;0,m’,s'5t) .

Equations (114), (122) and (123a)-(123c) can be used to compietely
evaluate the coefficients ZPE,M(” in the second order terms for velocity

potential in Eq. (109).
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Certain features of the time dependent factor 7, in ZPE,M(I)

require further comment. First it should be observed that the exact
resonance condition in which a frequency denominator vanishes will
hardly ever occur in practice, and may be regarded as accidental because
the frequency spectrum for capillary waves in a liquid drop is discrete.

However, in those rare instances where a denominator does vanish
. . S . . .
exactly, the coefficient ;pj ps(f) contains a term that increases linearly

with time. This behavior appears in the functions ,S, in Eq. (119) and .S,
in Eq. (121a). For long enough times, resonances in second order theory
would produce waves of such large ampiitude that they would dominate
the first order waves. The assumptions of perturbation theory on which
these results rely would not be met under these conditions. However, the
linear growth over some time range is an important feature that may lead
to turbulence. This matter is discussed in Sec.VL

For the discrete spectrum that we are considering, non-resonant
conditions apply in almost all cases. Let us focus on ,S; in Eq. (118) as an
example of non-resonant behavior. First it should be noted that only
terms with sinusoidal time dependence occur in ,S; , so that the
magnitudes of these terms have finite upper bounds for infinitely long
time intervals. However, any spatial state with a given value of L oscillates

with at least two different frequencies, viz., ®; and ((Dg-i-(x)gr). 0}

course, in the formula for 2p£’M(t)) the £ and ¢’ are summation indices,

and there will be more than two frequencies in any spatial state- with
index L if more than one first order state is excited initially. The strength
of any sinusoidal term is determined by a frequency dependent

denominator which is not zero. Although each term is clearly periodic in
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time, it is noteworthy that for waves that are near resonance, there is
some time interval in which the time dependence of ,§, approaches the
time dependence of ,5;. The length of that time interval of linear growth
increases as the near resonant waves approach a resonant condition. This

will be demonstrated next.

I. Linear time growth of near-resonant terms
Start with the formula ;S; in Eq. (118) and write the factor

involving a denominator as follows:

2 1 7= 1 {_l“* 1 } (124a)
0} — (0, +0p)°  20r [A0 2wy + @)+ A0

1 1 1 A®
- + — PRSI (124b)
where A@® is given by
Aw=wp (0, +0p). (124c)

Only the two leading terms in a Taylor’s series expansion of the second
term in Eq. (124a) that are shown explicitly in Eq. (124b) will be retained

in what follows.

A trigonometric identity for sin(x-y) allows us to write the first term

of Eq. (118) as
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Sin[(ﬂ)g + )t +.(a§'m + a"}:,m,)]
(1244d)

= {sin[m Lt (aj‘m + a;:’m,)] cos[(Aw)t] - cos[a) L+ (ov;'m + oc?:' m)] sin[(Am)t]}
= {sin[coLt + (a;’m + ajﬁ’m,)][l - -;—[(A(o)t]2 +}

(124e)
- cos[a) L+ (“i,m + aj:,m,)][(Aco)t - %[(A(o)t]?’ +-- J} ,

Here the leading terms in series expansions of sines and cosines have been

retained.

Near resonance, where (A®/®;)<<1, and for times t such that
[(Aw)t]<<1, one can retain the leading terms in the expansion of the

first term in Eq. (118) and obtain the following approximate equalities:

sin[(me +Op )+ (a; m o m)]

o} —(0p +wp)’

= 1 L 1 i s s’
Y {Am + Z(O)g +me')}{sm[mLt+(ae,m +oc€,,m,)] (124f)

- cos[o) L+ (ocj, m O m,)][(A(o)t]}

- {_ Eé-—tcos[(o L+ (a;,m + ai:,m')]
- (124¢)

, 1 ,
: N N : N N
) sm[(o L+ (a om T Z',m')] + o, (00) sm[co L+ (a om0y m)]} :

+
4op(w+w,p

Similar treatment of the last two terms of Eq. (118) yields the following

approximate equality:
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. s s’ . ,

20, Wy ~ (0, +0,) | oy +(0, +0,)

, (124h)
1 sin[a) Lt+(aj,m + aj,,m,)] i sin[(o e (“;,m +a;:,m,)]

20, A® 2w +@p)

P a—
=

Substituting Eqs. (124g) and (124h) into the formula for ;S; in Eq.

(118), one finds that the terms with the small quantity A® in their

denominators cancel, and one obtains the following result.

ForAw/® | <<1 and]A@){]<<1:

1S.(8m, 58", m’,s";t)
={- —t—cos[mLt+(a; -—oc}?: )] (1241)
20)L m m

1
4(0L(0)£ +0.)£')

. 5 4 . s 4

The limiting form of ;S; in Eq. (124i) agrees with the result for »,S; at the
exact resonance condition given in Eq. (119) when one takes into account
that W; =®,+®, at resonance in Eq. (119). This result is important for

the proposed explanation of intermittency in ripple turbulence discussed

in Sec.VIL.

J. General results for ,7(6,0;¢)
Now we shall derive formulas for 21’](6,(p;t), the second order

contribution to displacement of the free surface of the liquid. In what
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follows we shall use a prime and a double prime to indicate first and
second partial derivatives, respectively, with respect to r. The derivation

begins with Eq. (46b), which takes the following form in the new notation.
For r=r,: |
27— ®"—®"n+(Vin)(V,®) =0 (125)

Using Eq. (110), one finds

. K
2M(0.0:6)= Y 227 44 ()CP 41 (6,0) - (126a)

L. M5

With the aid of Eq. (109), one finds that

2@ (10.0,031)= Y 257 41 (VR (1) CL 4y (6,0). (126b)

LM .5

Using a procedure similar to that applied in evaluating B in Egs. (81b)

and (88) and Dy, in Eq. (89), one finds at r=ry:

@n=3 33 (o) et e

LM ¢msh m’ 5"\

X 8DL1'M1 (Zym,s,x;elim’)S’yx,;'b) lzj’m(t) lp;”m’(t) YLI’Ml (e’(p) ’

where
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(1264d)

-1
o
) {Pfo2 [2- (b l)]} 1Dy, m, (Lm,s s m’ 5" Ny

The term (V| 1n)®(V®D) can be evaluated using the same basic
procedure as that applied when treating P—, in Eqs. (81h) and (107) and
7Dy in Eq. (108). The result is '

T (0)= 3, 3 3 ()

L. My tms ) Um’ 5"\ (1266)

X oDy, pp, (&m,s,058°,m",8" M'510) 120, m () 1077 (1) Yr,.m,(8.9),

where

9 Dp, p, (&m,s, Ml ,m’",s" M)
(126f)

-1
{pr [2 L L1+1)]} 7DL1,M1(Z,m,s,l.;f',m',s',k';ro).

Next substitute Egs. (126a)-(126c) and (126e) into (125). Eliminate

lzzm(t) from the subsequent equation with the aid of Eq. (77a). Then

multiply that result by CE,M(G,(p)) and integrate the subsequent

expression over a unit sphere. Then use Eqgs. (60), (61), and (63) and

solve for ,z;,(¢). The result is
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22{_M(t) = {2PE'M(‘) Ri(n)

+Z z Z FL,M'S,A(Z,m,s,K;t”,m’,s’,A,’;ro) (127)

A tms A m' s A

X 1§,m(0) 175 ,+(0) Sin(ﬁ)gt+a“;,m)cos((z)e't+a";:’m,)},

where

Fr s a(msAsl,m', s’ \inp)

Ri(n) ] SAY( sAY s (128)
=| ———t llaY; a) a; :D Lm,s, N\ 0 m’,s", Ny .
Next combine Eqgs. (122) and (127) and obtain
2:Lm(®)
=Z Z Z lpi,m(o) 1P5:,m'(0)
A tmsd w52 (129)

X {R,’_:(ro) Er ysalmshl,m' s Niny) Tp(6,m,s;¢,m’,s';t)

+ Fp ysalloms e m,s N, rO)SiH(OJZI + ai,m)cos(m ot+ aj,’m,)} .

A formula for zzz’m(t) can be obtained by integrating Eq. (129) with
respect to time. The indefinite integral is sufficient to find the time

dependence since the initial values zz;’m(O)have not been specified. The

result is
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s
221.m()

=SS S im0 1pE )
o e hoed (130)

X {Rz(ro) EL,M'S‘A(Z,m,s,l;f',m',s’,X';rg) Ur(t,m,s;¢',m’,s’;t)

+ Fpp s a(bms s lm’,s' Vi) W(t,m,s:0',m’,s'51)}

In an abbreviated notation where some of the arguments of functions are

suppressed, we have

t
Uy = [dr' Ty (¢) | (131)

W= }dt' sin(co ot + aj,m)cos(m ot + ajﬁ’ m,) : (132)

It is useful to introduce functions ;V, that correspond to ;S in Egs.

(118)-(121) in order to efficiently represent U,. For each value of Jj

where 1< j <9, we have

jVL(Z,m,s;ﬁ’,m’,s';t)

: 133
= Idt’ jSL(E,m,s;E’,m',s';t) ) ( )

For (1)% # (W, +(,0€r)2
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Ve (bm,s; €', m’,s';t)

s s
{cos[(cog + g )t + (O‘e,m +°‘e',m')]

(we + we')[co% (e ‘””e')z]

(134)

s s s s

20, mL[wL—(mg+we')] o fDL[(DL +(“’e+°)£’)]

For (D% = ((Df +0)£/)2 :

2V (m,s; 8 m’,s;t)

? [((co et )+ (azm + a}i,mr))sin[((o o)+ (o@,m +of m)]

|
{2((0[ + @
s s s s : s s (135)
+ cos[(a)e + @y )+ (ae,m + (X-e"m')]" (ocg,,,, + ae',m')sm[(ﬂ)e +oy )+ (af,m +a Z’,m’)]]

1 ’ ’
+ — Hco L+ (azm + oc‘},,m,)] + cos[co L= (aj,m + a},m»)]]
400F (0p + 0y )

There are two cases for 3VL, as follows:
Case 1. For (D% # (O, —(Dez)zand (0, —®,) #0:
Vi (6m,s; 0 ,m’,s";t)
cos[(a) ¢ — Wy )t + (a‘é, m= a“;:' m)]

(@, - (De')[m%. (@, - m[)z]

s s s s’

(136a)

20,2 wy (0, -0p) w; +(0,-0)
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Case 2. For coi;t(u)g—me,)zand (0, -, )=0:

Vi (4m,s; 8 ,m’,s";t)

= {5% sin(0c5 ,, = 05 e ) - ;n%cos ot sin(of , - m)} : (1360)
There are two cases for ,V , as follows:
Case 1. For (D% = (0, —(D£')2and (W, —®,)#0:
Vi(bm,s:.t,m’,s";t)
=- {m[((me -0yt +(aj,m - af_,:’m,))sin[(cog -y )t+ (ocf‘,’m~ - a;:’m,)] .
a

s s s s’ : s ‘
+ COS[(COg —p )+ (a om = Z',m')] - (a om =y ,,,r)sm[(@e ~0p)t+ (“z,m - a;m)]]

1
4@%@”

+ ){cos[(o L+ (ocj e m)] + cos[(o Lt— (a; m= a;: m)]]} .
—_— O.)e' ) s ’ ’

Case 2. For (0% = ((Dg -—(Dgz)zand ((Og "(Dg') =0:
Vi (bm,s;8',m’,s";t)=0. (137b)

U, can now be specified in terms of non-overlapping regions of
frequency, just as was done previously for T;. The formulas are given

next.

"
For 0)% # ((Dg +(De,)2and CO% # ((De —(Dgz)“:

62



Ur(lom,s;0',m’,s",t)= Vi (&m,s;,0",m’,s",t)+ 3V (€,m, 5,0 ,m’,s";t) . (138a)
For CO% =(w, +Ct)€f)2and (D% # (W, —(t)e,)z :
Up(tm,s; 0 ,m’,s";t)=,V, (€,m,s;0',m’,s";t)+ 3V (&,m, ;4" ,m’,s";1) . (138b)

For 0)% # (W, +CO£,)2and (D% = (o, —O)Z,)Z:

Ur(&m,s;¢',m’,s';t) = (Vi (&,m, 58" ,m’,s"5t)+ 4V (6,m, 50 ,m’,5";t) . (138c)

This completes the evaluation of U, in Eq. (130). The next task is to
evaluate the function W in Egs.(130) and (132). Using, a trigonometric

identity, one can write the integrand of Eq. (132) as follows.

For (0, —®, ) #0:

sin(m ot + ai,m)cos(m et oy m,)

1 , , (139a)
= E{sin[(m Pt @)+ (aj,m +0 m)] + sin[(o) P —@p)t+ (aj’ m= Oy m)]} :
For (Cl)g —(DZ/) =0
sin(mgt+a§,m)cos(me,t+oc“;:‘m:) (395)

1f. ’ . ’
= 5{sm[(wg +@p )t + (oc{;‘m + a;,_m,)] + Sm(o‘?,m - af,,’m,)} :
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Substitute Eq. (139a) into (132) and then integrate. After that substitute

Eq. (139b) into (132) and integrate. One finds the following results
For (W, —®, ) #0:

W(l,m,s; 0’ ,m’,s";t)

cos{(cog + 0y )+ (aj, mt ajﬁ’m,)} . cos[((o ¢ —Op )+ (aj'm - aj:’ m)] (140a)

I
2 Q)e‘f'(t)el O)g-—(l)e,

For (W, —,)=0:

W(L,m,s;0',m’,s";t)

cos[(o) P @)+ (af,,m +aj, m)]

1 . , (140b)
-+5tsm(aj’m—a'§,’m,) .

1
2 O + @y

This completes the derivation of formulas needed to evaluate 2Zg,m(t) in

Eq. (130). Then ,MN(6,@;¢) can be evaluated using Eq. (110).

VI. DISCUSSION OF RESULTS
A. Canonical formalism
The variational theory of a hydrodynamic system with moving

boundaries involves a number of subtle problems. Therefore it is

important to clearly describe the assumptions and mathematical
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procedure and demonstrate the self-consistency of the method by
presenting details, as in Sec.Il. In earlier work, Zakharov'’ treated the

exact theory of‘finite amplitude waves on a fluid surface in planar
geometry. He showed that the equations for the time dependence of the
surface could be expressed in canonical form. However the details of
Zakharov’s method differ in non-trivial ways from the corresponding
elements of the present theory. |

The essence of the difference between the two methods is the
condition under which the variation O® is taken. In the present theory,
the variation O®P of the velocity potential in the interior of the liquid as
well as on its boundary is taken at any instant of time with the surface
held fixed at its actual path position for that time instant. An important
consequence of this prescription for varying the velocityypotential is that
the canonical momentum and canonical coordinate are manifestly treated
as independent variables- in terms of variables evaluated at the drop
surface.

In Zakharov’s treatment, @ evaluated at the fluid surface, which
Zakharov then calls W, is a generalized coordinate and the surface
displacement T| is a generalized momentum. This particular difference
between Zakharov’s treatment and the present treatment is not of
fundamental importance since it is known from general theory that a
canonical transformation can interchange canonical momenta and
coordinates. However, there is a fundamental difference in the two
theories that results from Zakharov considering the variation D to be a

function of OT. Since O® evaluated at the drop’s surface is a generalized

coordinate in Zakharov’s theory, one encounters the seemingly
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paradoxical situation in which the canonical coordinate ‘¥ is a function of
the canonical momentum 7T), and they are therefore not independent
variables. This appears to conflict with general principles of canonical
formalism. This matter needs further clarification in Zakharov's method.

Theoretical treatments of surface waves and wave turbulence have
utilized the properties of canonical variables in a large body of published
work. This provided a strong incentive to establish that the present theory
could be expressed in canonical form. Furthermore, with the aid of
canonical equations it was relatively simple to demonstrate that the
energy of the system is a constant of the motion in the exact theory. This
was especially important in establishing self-consistency of this method
because in low order perturbation theory of the almost spherical drop,
energy is not a constant of the motion. This result was developed in detail
in Sec.V. This puzzling result should be a proper subject for further work
and comment. As stated in Sec.V, this difficulty does not occur in planar
geometry where almost flat surfaces are treated.

Additionally, it should be noted that the equations of motion thru
first order for the surface of an almost spherical drop obtained from
perturbation expansions of the exact equation of motion cannot be
obtained as canonical equations based on the perturbation expansion of

the exact Hamiltonian thru second order. This condition is related to the
geometric factor r2 in the differential of the surface element df, where
df=’yr2(9,(p;t)sin9d9d(p. It is noteworthy that if the Hamiltonian density
in Eq. (52) were multiplied by (1-M/r)=ry/r(6,Q;t), then energy
evaluated thru quadratic terms in perturbation theory would be constant

in time. However, a justification for this step has not yet been found.
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Absence of the canonical property is related to the difficulty with
the energy not being a constant of the motion at this level of perturbation
theory. But just as important, absence of the canonical property
undermines application of the canonical transformation method in
treating surface turbulence in liquid drops in perturbation theory.
Canonical formalism has frequently been used in applying perturbation
methods in theories of turbulence in surface waves on almost flat

surfaces.

B. L=1 tesseral harmonic terms

In Appendix C it is shown that the presence of an L=1 tesseral
harmonic contribution to surface displacement would imply displacement
of the center of mass of an almost spherical drop. In the model considered
in this paper, it was specified that the L=1 terms must be absent in all
orders of perturbation theory. However, even if the center of mass were
not constrained to be stationary, and even if L=1 terms were absent in
first order perturbation theory, there is a possibility that L=1 terms
would occur in second order because of nonlinear interactions involving
frequencies ®W; =W, —®, =0, where {=/"#1. Analysis shows that if
such L=1 terms did occur, they would have a t* time dependence in the
velocity potential. A proper method for dealing with that situation would

require further analysis.
In the early stages of development of the present theory, it was
planned that the model would consist of a liquid mantle surrounding a

thin solid, rigid shell. For example, the shell could be imagined as a ping

pong ball, say having outer radius r.. Then a liquid drop would occur as a

67



limiting case in which r; tends to zero. If one were to disregard L=1 terms,

the mathematical theory of this liquid mantle would differ from the

present model just in the formula for the radial function R,(r) in the

expansion of the velocity potential. The new radial function would satisfy

a boundary condition that the radial component of the velocity vanish at
r. instead of at r=0. The liquid mantle model was abandoned because it

appeared that L=1 terms that involve motion of the mantle with respect to
the rigid shell might occur even when the center of mass remained
stationary. The t* time dependence in velocity potential for L=1 terms that
might then occur in second order perturbation theory would require

analysis and interpretation beyond that which has been considered so far.

C. Intermittency in wave turbulence
A full description of the path to turbulence would require
calculations that wusually involve statistical methods or dimensional

8,9,21

analysis. Nevertheless, the second order perturbation results in this

paper that can describe an initial step on a path to turbulence suggests a
physical mechanism that may be responsible for intermittency, that is,
occurrence of large amplitude fluctuations in the surface over relatively

3,11
small areas.

The proposed explanation for intermittency can be understood by
considering a simple situation in which two first order capillary waves are
excited at high amplitude, and where the sum of the first order

frequencies, (W, +®, ), is near a resonant frequency ; in the first order

spectrum. According to Eqs. (122) and (123a), the time dependent factor
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Ty in the second order amplitude 2p£’M(t) will include a term ,S,.

Equation (118) shows that ,S, includes terms that oscillate with

frequencies (0W,+®,) and ®; , whose difference is
A =0; - (0, +®,) , as in Eq. (124c). In Egs. (124a)-(124i) it was
shown that the two terms with small denominators in ,S, combine to
produce an envelope that grows linearly in time, and it was noted there
that this growth persists for a time t whose length is determined by the
condition |(A®)!<<1. In regions near the maximum in amplitude of the
spatial factor for the state with frequency ®; , the second order

amplitude may increase to large values during that time period.
Eventually, for longer times t, the inequality above will not be satisfied,
and linear time growth will cease. The growth may be said to roll over.
According to Eq. (118), fpr longer times there will still be two oscillation

frequencies in the spatial state for (0; . Proximity to the resonance

condition will determine the denominators in Eq. (118) that dictate how
large the combined amplitude in that spatial state grows. For some even
longer time, the two oscillations will be out of phase and the combined
amplitude will be small. However, for still later times the two oscillatory
terms will achieve almost the same phase relation they had at t=0. Then
the linear time growth that occurred near t=0 will occur again, and the
combined amplitude near the maximum for the spatial state
corresponding to (; will grow to a large value.

To see this in more detail, consider the ratio R=(W,+®,)/®; .
Let T, and T, be the periods corresponding to (®, +®,) and w; ,

respectively. Then R=T,/T,. Suppose R=1.001, which is a near-resonance
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condition. In a time interval At =(1001)7; =(1000)7, both oscillatory

terms will have completed an integral number of cycles, and the
sinusoidal factors in the near-resonant terms in Eq. (118) will have
returned to the values they had near t=0. Then the combined effect of
these two oscillations will be linear growth in time, just as it was near t=0.
Clearly these conditions will also occur at later times, giving the
appearance of intermittent large fluctuations in amplitude near the

maximum of the spatial factor for ;.

D. Low Energy Nuclear Physics
Rayleigh waves in the liquid drop model of an atomic nucleus have

provided a basis for predicting fairly accurately the threshold of stability
with respect to fission.22 The calculations for stability in that model take

into account the weakening of the effect of the ordinary surface tension in
the Weizacker semi-empirical mass formula by the Coulomb effect
associated with electrical charge in the nucleus. The threshold of stability
is associated with the condition that the surface tension factor in the
frequency for Rayleigh waves in the L=2 mode becomeé negative. Only a
small perturbation from the outside is necessary to induce fission in a
nucleus that is just below the threshold when in its ground state. The

synthesis of the liquid drop model with the nuclear shell model based on

23,24

independent particle motion provides a formalism for calculating y-

ray emission from nuclei in which there are collective motions such as

Rayleigh waves.
These observations lead us to speculate that turbulence, like that in

a stormy sea, may be generated on the surface of an atomic nucleus that
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is somewhat below the fission threshold where the effective surface
tension is small and the nucleus can be easily distorted by external
perturbations. Finite amplitude capillary waves that are excited directly
may produce other waves that grow in time due to nonlinear interactions,
just as in a water drop. The initial excitation may be due to a near miss by
a charged particle, for example. The footprints of the second order waves
may be sought in the harmonic structure of y-ray spectra. For long
periods of excitation the footprints of turbulence and intermittency in the
wave motion may be observable. This creates an interesting situation in
which turbulence may occur in a nuclear “drop” that is strongly
influenced by quantum behavior.

Experiments on levitated electrically charged liquid drops by Rhim
et al L6 have clearly exhibited amplitude growth of shape oscillations

induced by perturbation of the drop. Furthermore, the measured power
spectrum of those oscillations shows harmonic structure consistent with
nonlinear interactions of finite amplitude waves. Although the present
theory only accounts directly for the second harmonic, it is expected that
a cascade to higher harmonics will be generated as the power in the low
harmonics increases. These experimental results for drops support the

speculations on behavior of a perturbed atomic nucleus described above.
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APPENDIX A
Potential energy contributions to the Hamiltonian and to

Cauchy’s Integral in spherical geometry

The Hamiltonian contains two potential energy terms, H; associated

with surface tension, and H, associated with externally applied pressure.

Formulas for these terms and their variational derivatives expressed in
spherical coordinates and variables are developed in this appendix. An
assumption of local mechanical equilibrium is used to identify terms in

Cauchy’s integral of the Euler equation of motion.

A. Surface tension term Hj in the potential energy

The energy Hp, associated with surface tension o is proportional to

the area of the free surface S, and is given by the formula
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H, =aﬂdf, (A1)

where dfis an element of surface area. An explicit expression for Hj will

be derived next.

The shape of the free surface at time t is specified by 7(0,0;?),

where
7(0,p;t) =7r(0,0;¢) ; (A2a)
r(8,0;t) =ry + (0, ;1) . (A2b)

Any differential line element tangent to the -surface can be

expressed as

dr = (dr)? +(rd0)8 + (rsin6de) . (A3a)
= (—g%d(ﬂ%d(p)?+(rde)é+(rsined<p)¢. (A3b)

Two non-collinear differential line elements P; and pP,, tangent to the
surface, can be found from Eq. (A3b) by holding ¢ constant and then

holding 6 constant, respectively. This yields

B =(—g%?+ré)d9 (A4da)

@;mineap)d(p. (A4b)
¢
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A differential surface element df_: normal to the surface and defined

by P and P, is given by

df =P %P3
(;- ?n)rz(e,cp;t)sinededcp

=ndf ,

where

= 1 ~on(0,9;t) . 1 on(B,9;1)
vn(6,o;t) = 0

n(®.@) r(G,(p;t)( ® " Psing a9

_ ,l/2
df = [1 + (Vn)z] r?(8,¢;t)sin0d0do

Combining the results in Eqs. (Al)-(A6d), one finds

2n w - \2
Hy=a| | {[H(Vn) rz}} sin® d0 do
0 0 r=r0+1'|(9,(p;t)

571/2

2n 2
- my L[| ., -
_a£ g {[,2 +(ae) +Sin29(a¢) ] sin8dOde .

r=ry+n(8,9;t)

(ASa)
(ASb)

(AS5c¢)

(Ab6a)

(A6b)
(A6¢c)

(A6d)

(A7a)

(A7b)

Next calculate the variation of Hj thru first order when n—n+om.

Using Eq. (A7b) one finds
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8H,) = Hy[n+8n] - Hy[n] (A8a)

2t w
- 1 1811)(8811) I (&n)(a&\)} .
- v Y * 0d8dop. (A8b
'(’; ‘([{r(y 7)&1 Y(ae 30 ) ysin?0(dp \ d¢ r=ro+Tl(9,<P;t)sm ¢ ( )

Integrate the second and third terms in Eq. (A8b) by parts using

9 |(sin@dm)s |_sin@nddn | 3 (siné
39[\ Y 39)8”]— Y 0 36 +[59'( Y %)]8“ (A9a)
(1) |[2 (1] (1m)2tn
8<p_(va<p) "} [a(p 730 )V Y30 ) 30 (A9b)

The end point contributions to the integral vanish, and one finds

2 W |
neaf [ [YLey)- L[ 2o Em) o (1
" a£ {{ (r[v”) rzsine'[ae'( Y 39’]+8¢’(73<P'JD (A10)

2 M ’ ’ ’
x(&)r }r=r0+n e LLLlS

Use the basic variational derivative

om(e’,¢%;t) _ 1 s
on(, ¢:1) _r2(9,(p;t)sir168(e ¥)3(o-9) (All)

to calculate OH,/dM. After integrating over Dirac O functions, one finds
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3H,, {1(1 J 1 [a (sinean) J (1 anﬂ}
Sy, oL, ) L | 2[sinddn) a(1om . (A12)
n(6,9;1) riy r“sin8| 08\ y 98, Jdo\yde ey 10,00

B. Pressure term H_ in the potential energy

Turn now to the pressure term H_. in the potential energy given by

2n n Rp+n(6.e:s)
Ho=po[ [ [dr rPsinodode. (A13)
0 0 0

The first order variation in H_. due to a small variation in T is

sin®’de’ dg’ . (A14)

2n
8H2~1 =Po (J; (rzan)r=ro+n(e”(p,;t)

O e A

The variational derivative 8Hc/6n can be found using Egs. (All) and

(Al14). The result is

SH,
_oH _ (A15)
@) O

The formulas for Hy, H., O0H,/®n and OH./0M found so far in this

appendix are useful in studying the energy of the system and in explicitly
representing Hamilton’s canonical equations starting from the postulated

Hamiltonian.
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Turn next to the problem of deriving an explicit representation for
the pressure term in Cauchy’s integral of Euler’s equation of motion. Let

p=pressure just inside the free surface of the liquid;
po=pressure just outside the free surface of the liquid.

The differential change in volume of the liquid that occurs when a surface
element df is displaced radially outward by an amount OM(0,Q:1) is

given by
d’r =(df ) 7n(0,¢31) . (A16)

The work SHé done by a non-system worker in producing this

displacement is

2r ©
s, =—[ [[(p- po)(n)r?] sin8d8de , (A17)
0 0

r=ry+n(0,9;)

where Eqs. (AS5b) and (A6a) were used in evaluating df -7. With the aid of
Egs. (All) and (A19), one finds

0H..
—_—C  _—_(p— . AlS8
6.0 (p-po) (A18)

If the surface displacement occurs under conditions of local mechanical

equilibrium, the sum of the pressure term and the surface term must

vanish, so that
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8H, SH,
* =0. A19
(8, ¢:r)  dn(8,¢:r) (A19)

After rearrangement of terms, one finds

p=pg+0 l(lﬂ() - L [i(ﬂﬂ.a_“_%i(lﬂﬂ , (A20)
riy r“sin8| d8\ y 098 Jdol\ydop rery+1(0.03)

The expression for p in Eq. (A20) can be substituted into Eq. (9a) to arrive

at the dynamical boundary condition at the free surface in Eq. (9b).

APPENDIX B
Demonstration that L=1 terms in surface displacement imply

displacement of the center of mass of an almost spherical drop

In this appendix it is demonstrated that if at least one /=1 term
appears in the surface displacement given by Eq. (55a), i.e. by

O.0:1)= )’ 7 mlt) Cim(0.0). (B1)

&m,s

then the center of mass of a drop that is spherical or nearly spherical is

displaced from the origin of coordinates for the angles 6 and ¢.

The surface of the drop is at

78



7(6,9;t) = 7 r{(8,9:1) (B2)
where

r(8,9;8) =ry +M(6,0:7) . . (B3)

—

The center of mass of the drop is located at position R given by

R=—A4, (B4)

L
M

where the mass M of the drop is given by

an n np+n(6.9;)
M=p[ [ | r’sin0drdods (B5a)
0 0 0
2n = .
=%j [[78 +3n +3rm? + 1’ [sinBdode . (BSb)
0 0O

The term linear in T] integrates to zero. Thru first order terms in T| we

have

M=-—§-r3p. (BSC)

—

The vector A is given by
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_ xnom o +N(6.9:t)
A=p[ [ [ #risin0drdede. (B6)
0 0 0

To evaluate A first write

F=rr, (B7a)

F=XxsinBcos@ + ysinOsin@ + ZcosO (B7b)
an| . 1 o1 o _ 1)1

=3 xcl,l(e’(P)"'nyl(e’(P)ﬂ 7 Cio(8.9)]- (B7c)

In the last step we have used Eqgs. (57a) and (57b).
Now rewrite Eq. (B6) with the aid of (B7a)-(B7c). Then integrate over

r and retain terms only thru first order in T]. The result is

4T 1
A—-P,f I f[xClle(p)+yC'1(6<p)+z( ﬁ)cll,o}
(B8)
xz[rb +15 T](G,(p;t)]sin 0dodo .
The term involving r(;" vanishes upon integration. The term

involving M can be integrated with the aid of Egs. (Bl), (61), and (62a)-

(62c). After integrating and summing over Kronecker deltas, one finds

= o [ [y )+ 52210+ R 0]. (B9)
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Next evaluate R using Egs. (B4), (B6), and (B9). One finds that the center

of mass vector of an almost spherical drop is given by
. 3 . . .
R=- fz;t- [xz[lyl(t)+yzl,11(t)+z(—x/—2_)zll‘o] . (BlQ)

This demonstrates that if at least one of the £ =1 coefficients in Eq. (B1) is
different from zero, then the center of mass is displaced from the original

origin of coordinates.

APPENDIX C

Scalar product of two vector spherical harmonics

Vector spherical harmonics can be constructed19 by coupling scalar

spherical harmonics to unit vectors in 3-dimensional space using
quantum mechanical rules for combining direct products of angular

momentum eigenfunctions, as follows:

7H0.0)= D, CeLiM-mm) Y p m(60)im (C1)
~lsmsl

where

i =(=1)"e_p, (C2a)

b pr =8 (C2b)
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With the aid of these equations one can evaluate the scalar product of two

vector spherical harmonics as indicated next:

(00) - T¥p(0.0)= Y ClLLM=mm) C(€,1LT; M = mm)
-1Sms] (C3a)

X Yo M-m)(8.9) Yo (a7 —m)(0.9).

- Z (-DM-"C(e, LT M -m) C(€,1, 1 M —m,m)
-1Sms1 (C3b)

X Yy (M-m)(8:9) Yo (31'—m)(6.0) -

Using Egs. (82) and (C3b), one can obtain the results that we seek,

which are Eq. (103) and a formula for the coefficients ar, .M, that occur

there. One finds

— * -— (4 ’
(F14(0.0) 7Y, (6.0)= Y, ar, (UL M: T8, M) ¥y, 11,(6,0). (C4)
Ly. My

where

ag, (LM T M) = ) ()M (1,0 M~ mm) C(#,1,0":M” — m,m)
-1sm<1 (CS)

X bLIle (f',M' - m;L’,—(M— m))

and bL]»MI can be evaluated using Eq. (84).

82



APPENDIX D
Solution of harmonic oscillator equation with harmonic driving

term

This appendix is concerned with solving the differential equation in Egq.

(116), viz.,
¥+ oty =" (D1)
subject to the conditions

y(t)=0 for t<0 , (D2)
y(t)=0 for t<0. (D3)

The solution can be found with the aid of Laplace transforms, as

described next. Let (s) be the Laplace transform of (), where
W(s)=L {w()}=[e"y(s) dr. (D4)
0

The Laplace transform of Eq. (D1) is

e [w + mz\y]dt =]?e'“ etdr (D5)
0

O ey §

From a table of transforms, one obtains
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e"y(¢)dt = s (s) - sy(0) - y(0) (D6)

Ot 8

fersteiotap =L (D7)
s —im

0

Using Egs. (D1)-(D7), one finds

y(s) = (D8a)

(s- ico’)(s2 + mz) '

Now consider the case where (> #(0)')2. Partial fractions can be used to

convert Eq. (8a) to the form

~ 1 1 s i’
= - - . D8b
(s o’ - (')’ {s -0 s+’ S+ mz} ( )

The inverse transform of Eq. (D8b) can be readily constructed with

the aid of a table. One finds

1 @’ i’
t)=——{e“°’-cos ot — —sin cot} (D9)
W 02 - (o)? ®

which can be expressed as
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w(t) _ _____l—ei(l)'l _ _l‘ ei(l)t . e—i&)t (D 1 O)
0? - (w')? 20l0-0" 0+o’ )

Equation (D10) agrees with Eq. (117a), and this accomplishes one of our
goals.
Turn next to the case where 0)2 =((1)')2 #0. In this case Eq. (D8a)

can be written as

o 1
W)= (s—io’ (s +iw’) (D11)

Using partial fractions, one can write Eq. (D11) as

o Lo, L) L1
] ) . . | D12
W) 4(0)')2( s+ie s—i(o') 2i00" (s~ ieo’)” o

Using a table of inverse transforms, one obtains

w(t) = — (- ot et 4 (D13)

4{w")? 2iw’

For each of the cases W =0  and and ®=-O, Eq. (D13) can be

expressed as

t i
,el(.l)t+

= ___}__,_(eimr _e-icot) . (D14)

400

y(t) =
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Equation (D14) agrees with Eq. (117b), and so the second goal of this

appendix has been reached.
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